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§0. Introduction.
In [19], Strominger, Yau and Zaslow made a surprising conjecture about pairs of
mirror manifolds, which, if true, should at last provide a true geometric understanding of
mirror symmetry. Simply put, string theory suggests that if X and Xˇ are mirror pairs of
n-dimensional Calabi-Yau manifolds, then on X there should exist a special Lagrangian
n-torus fibration f : X → B, (with some singular fibres) such that Xˇ is obtained by finding
some suitable compactification of the dual of this fibration. More precisely, if B0 ⊆ B is
the largest set such that f0 = f |f−1(B0) is smooth, then Xˇ should be a compactification of
the fibration fˇ0 : R
1f0∗(R/Z)→ B0.
As yet, not a great deal is known about whether this conjecture is true. As was
observed in [19], K3 surfaces do have special Lagrangian two-torus fibrations. In two
dimensions it is easy to construct such fibrations because K3 surfaces are hyperKa¨hler,
having an S2 of complex structures compatible with a given Ricci-flat metric. Submanifolds
that are special Lagrangian in one complex structure are holomorphic in another one of
these complex structures. Thus one simply looks for elliptic fibrations in a different complex
structure from the original one. Of course, dualizing an elliptic fibration over a curve has
no effect on the topology, which fits with the fact that the mirror of a K3 surface is a K3
surface. Thus one does not see any of the more subtle behaviour of mirror symmetry at
first.
Using the Borcea-Voisin construction of mirror symmetry between Calabi-Yau three-
folds of the form K3 × E/(ι,−1), Pelham Wilson and I gave an example of the SYZ
construction in the three-dimensional case. We were able to confirm the conjecture that
the known mirror was indeed a compactification of the dual of the three-torus fibration
one obtained by using a two-torus fibration on the K3 surface and a circle fibration on
* Supported in part by NSF grant DMS-9700761
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the elliptic curve. Unfortunately the metric is degenerate, and this is still not a complete
example.
Any complete clarification of the SYZ construction will require a great deal more. In
particular, there is still not a single example of a special Lagrangian three-torus fibration
on a Calabi-Yau threefold with a non-degenerate Ricci-flat metric. We need an understand-
ing of special Lagrangian submanifolds which will allow us to construct such fibrations.
Next, one has to have sufficient knowledge about the singular fibres to understand how to
compactify the dual fibrations. One needs to understand how to put a complex and Ka¨hler
structure on the mirror, thus defining the mirror map between complex and Ka¨hler moduli
space. Finally, one needs to understand how this process allows one to count holomorphic
curves.
This paper will not treat most of these issues. Instead, we will assume that we can
construct torus fibrations on Calabi-Yau manifolds and that their mirrors are obtained
by dualizing these fibrations. Our goal will be to discuss what the expected topological
properties of these fibrations and Calabi-Yau manifolds must be. In doing so we will have
to make some assumptions about the nature of special Lagrangian torus fibrations. The
assumptions about the existence and properties of these fibrations make this paper a rather
speculative one. In order to ground these assumptions in reality, we refer to the known
examples of special Lagrangian fibrations for K3 surfaces and Borcea-Voisin examples.
We also give, in §1, a local example of a special Lagrangian fibration. This example has
singular fibres that have not previously appeared. Hopefully, these examples can be taken
as evidence for the assumptions we make.
In §2, we consider the Leray spectral sequence for a special Lagrangian torus fibration
f : X → B and deduce some elementary consequences about dualizing from this. In §3,
we back up and investigate some of the implications of the existence of a large complex
structure limit point in the complex moduli space of a Calabi-Yau manifold. This allows
us to formulate a key conjecture about the nature of the monodromy about a branch of
the discriminant locus in complex structure moduli space passing through a large complex
structure limit point. This conjecture, Conjecture 3.7, states that such monodromy is
given by translation of the Tn fibration by a section. This is precisely a generalization of
the Dehn twist of an elliptic curve.
§4 is devoted to working out the consequences of the conjecture. By computing the
action of translation by a section on cohomology, we are able to conclude that the limiting
values of the (1, n−1) Yukawa couplings agree with the topological couplings of the mirror.
In addition, if n = 3, the monodromy weight filtration and the Leray filtration coincide,
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as conjectured in [11] and [18].
§5 is even more speculative. We use the earlier results of the paper to give, in the
threefold case, an isomorphism between Heven(Xˇ,Q) and Hodd(X,Q). A priori there
are many such isomorphisms, and any such choice needs justification as to its naturality.
In this case, we are motivated by Kontsevich’s homological mirror symmetry conjecture.
Hopefully, we provide a natural choice for the mirror map on the level of cohomology.
One byproduct of this effort is that we provide a description of Hodd(X,Q) in which the
monodromy transformations about boundary divisors passing through the large complex
structure limit point have a very simple description.
A note on notation: If X is a compact manifold of dimension n, we denote by ∪
the cup product in H∗(X,G) for a group G. If X has an orientation, giving a canonical
isomorphism Hn(X,Z) ∼= Z, then for αi ∈ H
di(X,Z),
∑m
i=1 di = n, the intersection
number α1. · · · .αm is the image of α1 ∪ . . . ∪ αm under the canonical isomorphism. The
reason for being didactic about distinguishing cup products and intersection numbers is
that in the situation studied in this paper, Xˇ will not have a canonical choice of orientation
until we place a complex structure on Xˇ .
We also note the convention here that for a compact oriented submanifold M of
dimension p of an oriented manifold X , the cohomlogy class [M ] of M is the class such
that ∫
M
α =
∫
X
α ∪ [M ]
for all p-forms α on X .
Acknowledgements: I would like to thank P.M.H. Wilson for many useful discussions
concerning the SYZ construction, and D. Morrison for explaining to me Kontsevich’s con-
structions which motivated §5. I would also like to thank Y. Kanter for discussions involv-
ing the splittings in §5, and H. Kim for discussions concerning Mukai vectors for Calabi-Yau
manifolds. Finally, I would like to thank the organizers of the 1997 Taniguchi Symposium
on Integrable Systems and Algebraic Geometry for their invitation and hospitality.
§1. Some Special Lagrangian Fibrations.
Let X be a Riemannian manifold, and α a p-form on X . Recall from [12] that α is a
calibration if dα = 0 and for each p-plane ξ in TX,x, ‖α|ξ‖ ≤ ‖V ol(ξ)‖, with equality holding
for at least one ξ, where V ol(ξ) is the volume form on ξ induced by the metric. An oriented
p-dimensional submanifold M ⊆ X is a calibrated submanifold if α|M = V ol(M), the
volume form onM induced by the metric on X . Any calibrated submanifold is necessarily
minimal.
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One can extend the notion of a calibrated submanifold to singular subsets. The proper
context to do this, as pointed out in [12], is that of rectifiable p-currents, and one then
obtains natural compactness statements for spaces of calibrated currents. As this is quite
technical, we will not go into this here. Rather, given a subset M ⊆ X with M0 ⊆ M a
smooth p dimensional submanifold and with M −M0 of Hausdorff dimension less than p,
we say M is calibrated if M0 is.
We recall
Proposition-Definition 1.1. [12] Let X be an n-dimensional complex manifold with
a nowhere-vanishing holomorphic n-form Ω, and a Riemannian metric g with associated
Ka¨hler form ω (g(X, Y ) = ω(JX, Y )) such that
ωn/n! = (−1)n(n−1)/2(i/2)nΩ ∧ Ω¯.
Then ReΩ is a calibration, called the special Lagrangian calibration. Furthermore, modulo
orientation, a submanifold M ⊆ X of real dimension n is special Lagrangian if and only if
ω|M = 0 and ImΩ|M = 0.
This proposition was not stated in this generality in [12], but merely for the standard
holomorphic n-form and symplectic form on Cn (i.e. ω = i2
∑
dzi ∧ dz¯i, Ω = e
iθdz1 ∧ · · · ∧
dzn for some fixed θ). However, the given normalization condition assures that each point,
there is a basis of tangent vectors in which ω and Ω can be written as the above standard
symplectic and holomorphic forms. We emphasize also that the condition that X be a
Ka¨hler manifold (i.e. dω = 0) is unnecessary. This suggests an analogy between the study
of pseudo-holomorphic curves on symplectic manifolds with an almost complex structure,
and special Lagrangian submanifolds on a complex manifold with an almost symplectic
structure.
Another reason for emphasizing that the Ka¨hler condition is unnecessary is that I
will now give some examples of special Lagrangian torus fibrations. To date, I have been
unable to construct Ka¨hler metrics on these examples in which the fibrations are special
Lagrangian, even in the two-dimensional case where such metrics are known to exist [9].
Example 1.2. Let
X = Cn − {1 +
n∏
j=1
zj = 0}
with z1, . . . , zn coordinates on C
n,
Ω =
1
in(1 +
∏
zj)
dz1 ∧ . . . ∧ dzn
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and
ω =
1
|1 +
∏
zj |2/n
i
2
n∑
j=1
dzj ∧ dz¯j .
Let f : X → Rn be given by f = (f1, . . . , fn), with
f1(z1, . . . , zn) = |z1|
2 − |z2|
2
...
fn−1(z1, . . . , zn) = |z1|
2 − |zn|
2
fn(z1, . . . , zn) = log |1 +
∏
zj |
This is a globalization of the example of [12], III.3.A. To check that the fibres of f are
Lagrangian with respect to ω, one can check just as well that they are Lagrangian with
respect to ω′ = i
2
∑n
j=1 dzj ∧ dz¯j , the standard symplectic form on C
n. To do this,
it is enough to check that {fi, fj} = 0 for all i and j, which is easily done. To check
that ImΩ|f−1(x) = 0, note that, as in [12], III.2.C, the columns of the complex matrix
(i∂fk/∂z¯j)j,k at a point z = (z1, . . . , zn) span the tangent space to f
−1(f(z)), and thus
ImΩ|f−1(f(z)) = 0 if and only if
Im
1
in(1 +
∏
zj)
det(i∂fk/∂z¯j) = 0.
Again, this is easily checked.
Note that X has a diagonal Tn−1 action given by
(z1, . . . , zn) 7→ (e
iθ1z1, . . . , e
iθnzn)
with θ1 + · · ·+ θn = 0. This action acts on the fibres of f , and is useful for understanding
these fibres. Indeed, let x = (x1, . . . , xn) ∈ R
n and consider z = (z1, . . . , zn) ∈ f
−1(x).
Then |1 +
∏
zj | = e
xn , so
∏
zj lies on a circle in C of radius e
xn , centered at −1. It is
then easy to check that
{z′ ∈ f−1(x)|
∏
z′j =
∏
zj} = T
n−1 · z,
the orbit of z under the Tn−1 action, and that for each c ∈ C with |1 + c| = exn , there
exists a z ∈ f−1(x) with
∏
zj = c. Since the orbit of z under T
n−1 is homeomorphic to
Tn−1 unless z ∈
⋃
1≤i<j≤n Pij where
Pij = {(z1, . . . , zn) ∈ X |zi = zj = 0},
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we see that any fibre f−1(x) disjoint from
⋃
Pij is an n-torus. Furthermore, the discrimi-
nant locus of f is precisely ∆ = f(
⋃
Pij). We have
f(P1j) = {(x1, . . . , xn−1, 0) ∈ R
n|xj−1 = 0 and xk ≤ 0 for all k}
and for i, j > 1,
f(Pij) = {(x1, . . . , xn−1, 0) ∈ R
n|xi−1 = xj−1 and xi−1, xj−1 ≥ xk for all k}.
One also sees that if x ∈ Rn is the image of a point z ∈ X with l of the coordinates
z1, . . . , zn being zero, then f
−1(x) is homeomorphic to
Tn−l × ((S1 × T l−1)/({pt} × T l−1)).
For n = 2, l = 2, we obtain, topologically, the standard I1 degenerate elliptic curve.
We will also determine the monodromy transformation on H1(f
−1(p0),Z) about a
small loop based at p0 ∈ R
n around f(Pij) ⊆ R
n. To do this, take a small two dimensional
disk ∆ ⊆ Rn some distance from the origin, with ∆ intersecting f(Pij) transversally in
one point. Choosing a basepoint p0 ∈ ∂∆, we choose a basis for H1(f
−1(p0),Z) as follows:
γ1, . . . , γn−1 will be the cycles induced by the cycles
γ1 = {(e
−iθ, eiθ, 1 . . . , 1)|0 ≤ θ ≤ 2π}
γ2 = {(e
−iθ, 1, eiθ, . . . , 1)|0 ≤ θ ≤ 2π}
...
γn−1 = {(e
−iθ, 1, 1, . . . , eiθ)|0 ≤ θ ≤ 2π}
on the Tn−1 acting on f−1(p0). It is clear that the cycles γ1, . . . , γn−1 are invariant under
the monodromy around ∂∆.
Let V ⊆ X be the set
V = f−1(∆) ∩ {z ∈ X |zk ∈ R≥0 for k 6= i, j}.
The map g : V → ∆ is then a standard two-torus fibration with a degenerate I1 fibre. We
can generate H1(g
−1(P0),Z) by the cycle
δ =
{
γi − γj if i, j 6= 1
γj if i = 1
and a cycle γn; γ1, . . . , γn then form a basis for H1(f
−1(p0),Z). Because g : V → ∆ is a
standard I1 degeneration with vanishing cycle δ, the action of monodromy about ∂∆ on
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γn is γn 7→ γn ± δ, the sign depending on chosen orientation of γn and ∂∆. This gives a
complete description of the monodromy.
For example, in the n = 3 case, the monodromy about the three branches of the
discriminant locus have matrices in the basis γ1, γ2, γ3 with suitable choice of orientations
of γn and ∂∆
T1 =

 1 0 10 1 0
0 0 1

 , T2 =

 1 0 00 1 1
0 0 1

 , T3 =

 1 0 10 1 −1
0 0 1

 .
Remark 1.3. We note that the discriminant locus of the above fibration is codimension
2. Using the theory of volume minimizing manifolds, one can prove that if f : X → B is a
C∞ special Lagrangian torus fibration with B smooth, and if the fibres of f are reduced,
dimCX = n ≤ 6, then the discriminant locus ∆ ⊆ B has Hausdorff dimension ≤ n − 2.
This is in distinction with the general case of a Lagrangian torus fibration, where one
might have a codimension one discriminant locus, as well as fibres of real dimension < n.
This will be discussed in [10].
Remark 1.4. An obvious question: what is the dual of the special Lagrangian torus
fibration constructed above? To date, I have not been able to construct a dual to this
example. One can make a natural guess for what the dual singular fibres are however. I
would conjecture that if there is a natural choice for a dual special Lagrangian Tn fibration,
then the fibre dual to a fibre homeomorphic to Tn−l × ((S1 × T l−1)/({pt} × T l−1)) could
be described as follows: thinking of a torus T i as [0, 1]i with opposite sides identified, let
V i = T i − (0, 1)i. Then the conjectural dual fibre is
Tn−l × ((T l−1 × S1)/ ∼)
where (t1, s1), (t2, s2) ∈ T
l−1 × S1 are equivalent if either (t1, s1) = (t2, s2), or t1 = t2 and
t1, t2 ∈ V
i.
§2. Topological Mirror Symmetry and the Leray Spectral Se-
quence.
In this section X will denote a Calabi-Yau n-fold, and let B be a real n dimensional
manifold with f : X → B a special Lagrangian fibration whose general fibres are n-tori. In
this section, f only need be C0, since we will only be concerned about topology. We will
assume in all that follows that B is a compact manifold without boundary.* Presumably
* This assumption is not necessarily well-justified: perhaps B might be singular at
singular fibres of f .
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f being special Lagrangian places some strong additional conditions on the nature of the
singular fibres of f . Since we do not know yet what these singular fibres might be, we will
make some assumptions about the fibration f .
Let ∆ ⊆ B be the discriminant locus of f , and let B0 = B − ∆, f0 = f |f−1(B0),
j : B0 →֒ B the inclusion. Note that B0 is an open subset of B by the results of [15].
Definition 2.1. Let G be an abelian group (in cases of interest G = Z,Q or R). We say
f is G-simple if
j∗R
qf0∗G = R
qf∗G
for all q. If G = Q, we just say f is simple, instead of Q-simple.
This means essentially that the cohomology of the singular fibres is determined by
monodromy about ∆. In particular, note the fact that j∗R
nf0∗Q = R
nf∗Q implies that
all fibres are irreducible. For example, an elliptic fibration is simple if and only if all
fibres are irreducible. We will show in §3 that we expect such irreducibility for a special
Lagrangian torus fibration if X is sufficiently general in complex moduli. In most of the
paper, we will only be concerned about Q-simplicity, but near the end we will need Z-
simplicity. The difference is a matter of torsion.
Example 2.2. It is easy to check Z-simplicity for the fibration of Example 1.2. Indeed,
it is enough to check that Hi(X0,Z) = H
i(Xb,Z)
G, where b ∈ Rn, b 6∈ ∆, and G is the
group generated by all monodromy transformations Tij , 1 ≤ i < j ≤ n. Let X
#
0 be the
smooth part of X0; then X
#
0
∼= Tn−1 ×R and X0 = X
#
0 ∪ {0}, 0 the origin in C
n. Then
the exact sequence
· · · → Hic(X
#
0 ,Z)→ H
i(X0,Z)→ H
i({0},Z)→ · · ·
shows that
Hi(X0,Z) ∼=
{
H0({0},Z) i = 0
Hic(X
#
0 ,Z)
∼= Hn−i(X
#
0 ,Z)
∨ ∼= Hn−i(Tn−1,Z)
∨ ∼= Hi−1(Tn−1,Z) i > 0.
On the other hand, if γ∗1 , . . . , γ
∗
n is the basis of H
1(Xb,Z) dual to the basis γ1, . . . , γn of
H1(Xb,Z) given in §1, then H
i(Xb,Z) ∼=
∧i
H1(Xb,Z) and H
i(Xb,Z)
G is easily seen to
be generated by
{γ∗I ∧ γ
∗
n|I ⊆ {1, . . . , n− 1},#I = i− 1}.
This gives equality between Hi(X0,Z) and H
i(Xb,Z)
G.
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Definition 2.3. If f : X → B is simple, an n-torus fibration fˇ : Xˇ → B is called a
permissible dual of f is fˇ is simple and fˇ−1(B0)→ B0 is isomorphic to R
1f0∗(R/Z)→ B0.
It is not clear if permissible duals exist or are unique. The reason for working with this
simplicity condition is that the cohomology of Xˇ is then closely related to the cohomology of
X , something we need for mirror symmetry to hold. First, recall that a special Lagrangian
submanifold M is oriented so that Ω|M is the volume form on M . Thus the fibres of the
special Lagrangian fibration f : X → B come along with a canonical orientation, and
hence we obtain a natural isomorphism Rnf0∗Q ∼= QB0 . Having fixed this isomorphism,
Poincare´ duality gives a perfect pairing
Rqf0∗Q×R
n−qf0∗Q→ R
nf0∗Q ∼= QB0
which yields
Rqf0∗Q ∼= (R
n−qf0∗Q)
∨
.
Now
(Rn−qf0∗Q)
∨ ∼= Rn−q fˇ0∗Q,
so applying j∗ and the assumption that f and fˇ are simple yields
Rqf∗Q ∼= R
n−q fˇ∗Q.
In particular,
(2.1) Hp(B,Rqf∗Q) ∼= H
p(B,Rn−qfˇ∗Q).
Note that if furthermore f is Z-simple, we similarly obtain
(2.2) Hp(B,Rqf∗Z) ∼= H
p(B,Rn−qfˇ∗Z).
We now use the Leray spectral sequence for f and fˇ . In general, f∗Q = Q, and by
simplicity, Rnf∗Q ∼= Q. If n = 2, f : X → B is an elliptic fibration, and if X is simply
connected, B = S2, and the Leray spectral sequence takes the form
Q 0 Q
0 H1(B,R1f∗Q) 0
Q 0 Q
It is standard that H0(B,R1f∗Q) = 0 for a non-trivial elliptic fibration (see [5]).
For n = 3, we have
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Lemma 2.4. If n = 3, f : X → B simple with permissible dual fˇ : Xˇ → B, and X, Xˇ
simply connected, then the Leray spectral sequences for f and fˇ degenerate at the E2
term. In addition, one obtains (not natural!) isomorphisms
Heven(X,Q) ∼= Hodd(Xˇ,Q),
Hodd(X,Q) ∼= Heven(Xˇ,Q),
and
h1,1(X) = h1,2(Xˇ),
h1,2(X) = h1,1(Xˇ).
Proof. Since X is simply connected, so is B, so H1(B,Q) = H2(B,Q) = 0. Thus we
also have Hi(B,R3f∗Q) = 0 for i = 1, 2. In addition, since H
1(X,Q) = H5(X,Q) = 0,
we must have H0(B,R1f∗Q) = 0 and H
3(B,R2f∗Q) = 0. The same holds true for fˇ , and
using (2.1), we obtain the following E2 term for X :
Q 0 0 Q
0 H1(B,R2f∗Q) H
2(B,R2f∗Q) 0
0 H1(B,R1f∗Q) H
2(B,R1f∗Q) 0
Q 0 0 Q
The only possible non-zero differentials then occur in the following exact sequences:
H3(X,Q)
ϕ
−→H0(B,R3f∗Q)
d2−→H2(B,R2f∗Q)
and
H1(B,R1f∗Q)
d2−→H3(B, f∗Q)
f∗
−→H3(X,Q).
Now if σ ∈ H3(X,Q) is a class such that σ.[T 3] 6= 0, then ϕ(σ) 6= 0, so ϕ1 is surjective. If
[p] is the class of a point of B, then f∗([p]) = [T 3] 6= 0. Thus f∗ is injective. Thus in both
cases, d2 is zero, and the spectral sequence degenerates. The remainder of the theorem
then follows immediately from (2.1), observing that the isomorphism in cohomology is not
natural since it involves choosing a splitting of the Leray filtration on H3(X,Q), and also
that dimH1(B,R2f∗Q) = dimH
2(B,R1f∗Q) by (2.1) and the fact that dimH
2(Xˇ,Q) =
dimH4(Xˇ,Q), so that h1,2 = 1
2
dimH3(X,Q)− 1 = dimH1(B,R2f∗Q). •
Remark 2.5. It is not clear what to conjecture in higher dimensions. Demanding that
the spectral sequences degenerate might be too strong a condition. The ideal outcome
would be that the spectral sequence does degenerate. A weaker condition which would be
useful to know is that if H2(X,OX) = 0, then H
1(B,R1f∗Q) ∼= H
2(X,Q); this would be
especially useful in light of the discussion of monodromy in §3.
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One can make a few elementary observations.
(1) If f has a section σ0 : B → X , then the maps d2 : H
i−2(B,R1f∗G)→ H
i(B,G) are
zero for any coefficient group G: indeed, the map f∗ : Hi(B,G)→ Hi(X,G) is injective,
as σ∗0 is a left inverse of f
∗.
(2) If H2(X,OX) = 0, then every element of H
2(X,Z) is represented by a divisor.
On the other hand, if α ∈ H2(B,Z) is non-zero and β ∈ Hn−2(B,Z) with α∪ β 6= 0, then
f∗(α∪ β)∪ [Ω] 6= 0, since this is proportional to the volume of a fibre. But for any divisor
D on X , Ω|Supp(D) = 0, so D ∪ f
∗β ∪ [Ω] = 0. This contradicts f∗α ∈ H2(X,Z) being
representable by a divisor. Thus H2(B,Z) must be a torsion group if H2(X,OX) = 0.
Note though that if X is a holomorphic symplectic four-fold, we expect H2(B,Z) 6= 0.
For example, if X is the symmetric square of a K3 surface with a special Lagrangian T 2
fibration over CP1, then X has a special Lagrangian T 4-fibration over CP2.
§3. Large Complex Structure Limits and Monodromy.
We will now study some of the geometry of Calabi-Yau manifolds near large com-
plex structure limit points of the moduli space. More precisely, let S¯ be some suit-
able compactification of a h1,n−1-dimensional parameter space S of Calabi-Yau n-folds,
X¯ → S¯ a compactification of the family X → S of Calabi-Yau manifolds. Assume
S¯ − S = B1 ∪ · · · ∪ Bh1,n−1 is a divisor with simple normal crossings. We recall from
[17] the definition of a maximally unipotent point (=large complex structure limit point) of
S¯.
Definition 3.1. Let p ∈ S¯ be a point which is contained in boundary divisors B1, · · · , Bs,
s = h1,n−1 = dim S¯. We say p is maximally unipotent, or a large complex structure limit
point, if
(1) The monodromy transformations Tj around Bj near p are all unipotent.
(2) LetNj = logTj , N =
∑
ajNj for some aj > 0, 0 ⊆W0 ⊆W1 ⊆ W2 ⊆ · · · ⊆ H
n(X,Q)
the induced weight filtration. Then dimW0 = dimW1 = 1 and dimW2 = 1 + s.
(3) Let g0, . . . , gr be a basis ofW2 such that g0 spansW0, and definemjk by Njgk = mjkg0
for 1 ≤ j, k ≤ s. Then the matrix M := (mjk) is invertible.
We note that in case n = 3, this implies that the Hodge diamond of the mixed Hodge
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structure associated with this degeneration looks like
1 W6/W5
0 0 W5/W4
0 h1,2 0 W4/W3
0 0 0 0 W3/W2
0 h1,2 0 W2/W1
0 0 W1/W0
1 W0
and W0 is the only subspace of H
3(X,Q) invariant under all T1, . . . , Ts.
In [17], Morrison proposes a general mirror symmetry conjecture, which, imprecisely,
states that associated to such a large complex structure limit point, there should exist
a mirror Calabi-Yau manifold Xˇ whose Ka¨hler moduli space is locally isomorphic to S,
and such that the Gauss-Manin connection on S agrees with a connection induced by the
Gromov-Witten invariants on the Ka¨hler moduli space of Xˇ. As we will not be discussing
the counting of rational curves in this paper, we will ignore this latter aspect. However,
we need to make some of this more precise.
Recall a framing of Xˇ is a cone Σ = R+e1 + · · ·+R+er ⊆ H
2(Xˇ,R) generated by a
basis e1, . . . , er of H
2(Xˇ,Z). Σ should be a subcone of the Ka¨hler cone of Xˇ. This gives
a part of the complexified Ka¨hler moduli space by
MA(Σ) = (H
2(Xˇ,R) + iΣ)/H2(Xˇ,Z).
The map
(q1, . . . , qr) ∈ C
r 7→
∑( 1
2πi
log qj
)
ej ∈MA(Σ)
gives a description of MA(Σ) as
MA(Σ) = {(q1, . . . , qr) ∈ C
r|0 < |qi| < 1}
and thus has a natural compactification
MA(Σ) = {(q1, . . . , qr) ∈ C
r|0 ≤ |qi| < 1}.
The mirror conjecture then posits the existence of an isomorphism between an open neigh-
borhood U of the large complex structure limit point p ∈ S¯ andMA(Σ), for some framing
Σ, taking U ∩ S toMA(Σ). (More generally, one might need a multi-valued map between
these two spaces.) This isomorphism should identify the connections involved.
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We also recall the nilpotent orbit theorem. Choose q ∈ S near p, X = Xq. Then
Hn(X,C) comes along with a limiting Hodge filtration
Hn(X,C) = F 0lim ⊇ · · · ⊇ F
n
lim ⊇ 0.
Let Ωlim ∈ H
n(X,C) span Fnlim, which is one-dimensional. The nilpotent orbit of Ωlim is,
for local coordinates q1, . . . , qs on S¯ and coordinates tj =
log qj
2pii on the universal cover of
S,
Ωnil(t1, . . . , ts) = exp
(∑ log qj
2πi
Nj
)
Ωlim = exp
(∑
tjNj
)
Ωlim.
The nilpotent orbit theorem states that Ωnil is asymptotic to the actual periods. More
precisely, let β0 be an integral generator of W0, and normalize Ωlim so that [Ωlim].β0 = 1.
Denote by Ω(t1, . . . , ts) the cohomology class of the holomorphic n-form on Xt normalized
so that Ω(t).β0 = 1, for t = (t1, . . . , ts) on the universal cover of S. Then Ωnil(t) and Ω(t)
are asymptotic as Im t→∞. Thus in particular the Yukawa couplings, for ∂∂ti1
, . . . , ∂∂tin
∈
H1(TX), 〈
∂
∂ti1
, . . . ,
∂
∂tin
〉
:=
∫
X
Ω(t) ∧
∂
∂ti1
· · ·
∂
∂tin
Ω(t)
can be approximated, for Im t large, by
〈
∂
∂ti1
, . . . ,
∂
∂tin
〉
nil
:=
∫
X
Ωnil(t) ∧
∂
∂ti1
· · ·
∂
∂tin
Ωnil(t) =
∫
X
Ωnil(t) ∧Ni1 . . .NinΩlim.
Now Ni1 . . .NinΩlim ∈W0, from which we conclude that
Ni1 . . .Ninα0 =
〈
∂
∂ti1
, . . . ,
∂
∂tin
〉
nil
β0, (3.1)
where α0 is any cohomology class such that α0.β0 = 1. This is the well-known fact
that the asymptotic behaviour of the Yukawa coupling is determined by the action of the
monodromy.
What information does the Strominger-Yau-Zaslow conjecture give about this form of
the mirror symmetry conjecture? We state here a refined subconjecture of the conjecture
given in [11].
Conjecture 3.2. Let X → S be a family of simply connected Calabi-Yau threefolds,
with compactification X¯ → S¯, and let p ∈ S¯ be a large complex structure limit point. Then
for some open neighbourhood U ⊆ S¯ of p and a dense set V ⊆ U ∩ S, for q ∈ V , X = Xq
13
and “general choice”* of Ka¨hler form ω on X corresponding to a Ricci flat metric, there
is a C∞ special Lagrangian 3-torus fibration f : X → B with the following properties:
(1) B is homeomorphic to S3 and f has a topological section σ0.
†
(2) f is simple and has a simply connected permissible dual fˇ : Xˇ → B.
(3) The Leray spectral sequence for f : X → B degenerates at the E2 level and looks like
Qσ0 0 0 Q
0 E1,22 H
4(X,Q) 0
0 H2(X,Q) E2,12 0
Q 0 0 Q[T 3]
with dimE1,22 = dimE
2,1
2 = h
1,2(X), and the induced filtration onH3(X,Q) coincides
with the weight filtration of the mixed Hodge structure associated with the large
complex structure limit point p.
We will go into more detail on a number of these issues, first making two simple
observations.
Observation 3.3. Given the hypotheses of the conjecture, then for some open neigh-
borhood U of p ∈ S¯, and q ∈ U ∩ S, Xq contains an open subset which is fibred in n-tori.
Furthermore, these n-tori represent a cohomology class which spans W0 over Q.
Proof. Let ∆ → S¯ be a mapping of a 1-dimensional disk into S¯ with 0 ∈ ∆ going to
p ∈ S¯, and with ∆ meeting B1, . . . , Bs transversally at p. Then the family X¯∆ → ∆ has
a semistable reduction Y¯ → ∆′, with Y¯0 a variety with simple normal crossings. Let Γ be
the dual graph of Y¯0. Γ is a simplicial complex with one vertex Pi for each component Yi
of Y¯0, such that the simplex 〈Pi0 , . . . , Pik〉 belongs to Γ if and only if Yi0 ∩ · · · ∩ Yik 6= φ.
Then ([16], pg. 109) W0 ∼= H
n(|Γ|,Q). Since dimW0 = 1 by hypothesis, we must have an
n-simplex in Γ, i.e. Y¯0 has an n+ 1-tuple point q, locally isomorphic to x0 · · ·xn = 0, and
the fibration Y¯ → ∆′ is given locally in a neighborhood of this point by x0 · · ·xn = t, t the
coordinate on ∆′. We note that for a given t, Ut = {(x0, . . . , xn) ∈ C
n+1|x0 · · ·xn = t}
has a Tn-fibration as follows. Let
Rt = {(x0, . . . , xn) ∈ R
n+1
+ |x0 · · ·xn = |t|}.
Then define a map Ut → Rt by (x0, . . . , xn) 7→ (|x0|, . . . , |xn|). The fibres are clearly n-tori.
Thus, for t sufficiently close to 0, one can find a subset R′t ⊆ Rt and U
′
t = T
n × R′t ⊆ Ut
* I don’t know what this means, but I suspect ω should not be too close to the walls of
the Ka¨hler cone.
† See Remark 3.5 on this latter point.
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with U ′t homeomorphic to a subset of Yt. It follows from the construction of the Picard-
Lefschetz transformation in [4], §7 that the cohomology class of this Tn is a generator of
W0. •
The difficult and most crucial part of the program to understand mirror symmetry
from the point of view of the SYZ construction is to show that there exists a special
Lagrangian Tn in this cohomology class, and that it then gives rise to a fibration. We will
not consider this problem at all in this paper, but rather assume that such exists.
Observation 3.4. Suppose n = 3. Let β0 ∈ H
3(X,Z) be an integral generator of
W0. Then there is a dense set V ⊆ S (the complement of a countable number of closed
real codimension 1 subsets) with the following property: for any q ∈ V , Ω a holomorphic
3-form on Xq normalized so that Ω.β0 = 1, α ∈ H
3(X,Z), we have ImΩ.α = 0 if and only
if α ∈W0. In particular, if Xq has a special Lagrangian torus fibration f : Xq → B with a
section, q ∈ V , and the general fibre of f has cohomology class in W0, then all fibres of f
are irreducible.
Proof. For a given α ∈ H3(X,Z), the set
Vα = {β ∈ H
3(X,C)| Imβ.α = 0}
is a real hyperplane in H3(X,C). Let D ⊆ H3(X,C) be the image of the (multi-valued)
period map S → H3(X,C) given by q 7→ Ωq ∈ H
3(X,C) with Ωq normalized as above.
Then D is analytic, by analyticity of the period mapping, and so either D ⊆ Vα or Vα
intersects D in a real codimension one subset. Thus if we show D ⊆ Vα if and only if
α ∈ W0, the result follows by removing the countable number of real hypersurfaces from
S corresponding to Vα ∩D, for α ∈ H
3(X,Z).
Fix α ∈ H3(X,Z). If α ∈ W0, clearly D ⊆ Vα. Conversely, suppose there is a point
q ∈ S with Ω := Ωq ∈ Vα. Define
α′ = α− (ReΩ.α)β0 ∈ H
3(X,R).
If α′ = 0, then α ∈ W0. So, assume α
′ 6= 0. Since ImΩ.α = 0, we see Ω.α′ = 0. In
addition,
(H3,0(Xq)⊕H
2,1(Xq))
⊥ = H3,0(Xq)⊕H
2,1(Xq),
which intersects H3(X,R) only in zero, so there must exist a γ ∈ H2,1(Xq) such that
γ.α′ 6= 0. By multiplying γ by a phase factor, we can insure that Im γ.α′ 6= 0. Applying
the Bogomolov-Tian-Todorov theorem, we can construct a curve q(t) in S, t a real variable,
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with q(t) = q, and Ωq(t) = C(t)(Ω + tγ + O(t
2)) where C(t) is the normalization factor
required to ensure that Ωq(t).β0 = 1. In fact,
Ωq(t).β0 = C(t)(1 + t(γ.β0) +O(t
2)),
so
C(t) = 1− t(γ.β0) +O(t
2)
and
Ωq(t) = Ω+ t(γ − (γ.β0)Ω) +O(t
2).
Let
α′(t) = α− (ReΩq(t).α)β0.
If ImΩq(t).α = 0, then Ωq(t).α
′(t) = 0. But calculating, we see
Ωq(t).α
′(t) = [Ω + t(γ − (γ.β0)Ω) +O(t
2)].[α′ − t(Re(γ − (γ.β0)Ω).α)β0 +O(t
2)]
= t(−Re(γ.α) + (Re(γ.β0))(Ω.α) + γ.α
′) +O(t2)
= t(Im γ.α′) +O(t2)
which is non-zero for small t, t 6= 0. We conclude Ωq(t) 6∈ Vα for these t. Thus D ⊆ Vα if
and only if α ∈ W0.
Finally, suppose q ∈ V and f : Xq → B is a special Lagrangian fibration with a
section, with fibre [T 3] ∈ W0. Since f has a section σ0, σ0.[T
3] = ±1, so [T 3] must be
primitive. Thus if a fibre of f is reducible, i.e. can be written as the sum of two special
Lagrangian currents representing cohomology classes α1 and α2, then [T
3] = α1 + α2 and
Ω.α1,Ω.α2 > 0 implies α1, α2 6∈W0. But since q ∈ V , we then have ImΩ.α1, ImΩ.α2 6= 0,
a contradiction. •
Remark 3.5. We do not expect that every special Lagrangian Tn-fibration has a
section. In fact, in the K3 case, this only occurs when the mirror of a family of M -
polarized K3 surfaces is constructed using a U(1) ⊆ M⊥. (Recall U(n) is the lattice
with Cartan matrix
(
0 n
n 0
)
). More generally, one can construct a mirror family given a
primitively embedded U(n) ⊆ M⊥ in which case the special Lagrangian fibration arising
only has a topological n-section. In this case, the mirror of the mirror is not the original
K3 surfaces. See [6], [11] for more details. One would expect similar phenomena to arise
in higher dimensions. We may not have noticed such phenomena yet since most examples
studied are toric, where the mirror of the mirror brings us back to the original family.
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Nevertheless, we will continue with the assumption of the existence of a section, as
that is the most important case given known examples. If one wanted to extend the
discussion below to a fibration f : X → B without a section, one would want to consider
it as a torsor over the double dual ˇˇf : ˇˇX → B.
We next consider C∞ sections of the fibration f : X → B. Since no such section of f
can intersect the critical locus of f , let X# be the complement of the critical locus of f .
We have
Theorem 3.6. Let X be a Calabi-Yau n-fold, B a smooth real n-dimensional manifold,
with f : X → B a C∞ special Lagrangian torus fibration such that Rnf∗Q = QB. Suppose
furthermore that f has a C∞ section σ0. Then X
# has the structure of a fibre space of
groups with σ0 the zero section. In fact there is an exact sequence of sheaves of abelian
groups
0→ Rn−1f∗Z→ T
∗
B → X
# → 0.
Given a section σ ∈ Γ(U,X#), one obtains a C∞ diffeomorphism Tσ : f
−1(U) ∩ X# →
f−1(U) ∩X# given by x 7→ x+ σ(f(x)), and this diffeomorphism extends to a diffeomor-
phism Tσ : f
−1(U)→ f−1(U).
The proof of this theorem will be given in [10]. It is just a variant of action-angle
coordinates.
Thus we have an exact sequence
0→ H0(B,Rn−1f∗Z)→ H
0(B, T ∗B)→ H
0(B,X#)
δ
−→H1(B,Rn−1f∗Z)→ 0.
Exactness on the right follows since T ∗B is a fine sheaf. Any section of f coming from
H0(B, T ∗B) is homotopic to zero; hence H
1(B,Rn−1f∗Z) classifies sections of f modulo
sections of f homotopic to zero.
Let σ : B → X be a section of f . We denote by Tσ : X → X translation by
σ as in Theorem 3.6, and denote by [σ] ∈ H1(B,Rn−1f∗Z) the image of the section σ
under the map δ. Explicitly, if {Ui} is an open covering of B such that σ : B → X is
represented by σi ∈ Γ(Ui, T
∗
B), then [σ] is represented by the Cˇech cocycle (Uij , σj − σi),
with σj−σi ∈ Γ(Uij , R
n−1f∗Z). Tσ induces a map T
∗
σ on the cohomology of X which only
depends on [σ] ∈ H1(B,Rn−1f∗Z).
The key conjecture of this paper connects this group structure onX to the monodromy
action around the boundary divisors passing through a large complex structure limit point.
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Let X → S be a family of Calabi-Yau manifolds as earlier, t ∈ S with Xt = X , and S¯ a
compactification of S with p ∈ S¯ a large complex structure limit point. As above, write
S¯ − S = B1 ∪ · · · ∪ Bs, a divisor with simple normal crossings, s = h
1,n−1. Given a loop
around Bi, based at t ∈ U , one obtains a diffeomorphism Ti : X → X which is determined
up to isotopy, and T1, . . . , Tn induce the monodromy transformations on cohomology. On
the other hand, given a section σ : B → X , one obtains a diffeomorphism Tσ : X → X by
translation. We can ask what the relationship between these two sets of diffeomorphisms
are.
Conjecture 3.7. There exist sections σ1, . . . , σs of f : X → B such that Ti and Tσi are
isotopic. Furthermore, [σ1], . . . , [σs] form a basis for H
1(B,Rn−1f∗Q).
We can also add that in this case, the framing of Xˇ should be given by the cone
generated by the images of [σ1], . . . , [σs] in H
1(B,R1fˇ∗Q) under the isomorphism (2.1).
I cannot prove this conjecture yet, not even knowing the existence or precise properties
of these torus fibrations, but it is a reasonable conjecture, and I will spend some time
showing how natural it is. The initial motivation for this conjecture is that the fibre class
[Tn] is the unique cycle invariant under all monodromy transformations T1, . . . , Ts, so one
might hope one can find that the monodromy diffeomorphisms act on the fibres of the
special Lagrangian fibration. In addition, this conjecture fits very much with the spirit of
the construction of the Picard-Lefschetz transformation in [4], §7. Finally, as the group of
sections mod homotopy is H1(B,Rn−1f∗Z), if f and fˇ are Z-simple this is isomorphic to
H1(B,R1fˇ∗Z). Under the best circumstances (e.g. n = 3 and X , Xˇ are simply connected),
this is isomorphic to H2(Xˇ,Z). Now H2(Xˇ,Z) is the monodromy group of the Ka¨hler
moduli space for Xˇ ; thus our conjecture gives a very natural way of connecting this group,
the integral shifts in the B-field, with the complex structure monodromy group of X .
Example 3.8. Let E → ∆ be a degenerating family of elliptic curves with E0 a fibre of
type I1, E = Et a smooth elliptic curve. As is well-known, the monodromy diffeomorphism
induced by a loop around 0 ∈ ∆ is described as a Dehn twist. Now we have a natural
T 1-fibration f : E → S1, and the group of sections mod homotopy is isomorphic to
H1(S1, f∗Z) = Z. The Dehn twist is the same as translating by a section generating
this group. Thus the above proposed form for the monodromy should be thought of as a
generalization of the Dehn twist.
Example 3.9. Let us consider Conjecture 3.7 for K3 surfaces. If we are interested
only in continuous (C0) isotopy as opposed to smooth isotopy, then [7], Theorem 10.1
tells us that a homeomorphism of a K3 surface is determined up to isotopy by its action
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on cohomology. Thus to check Conjecture 3.7, it is enough to determine that the rele-
vant monodromy transformations on H2(X,Z) coincide with the action of translation by
sections.
More precisely, let L denote the K3 lattice, M ⊆ L a primitive sublattice of signature
(1, t), and suppose T = M⊥ decomposes as U(1) ⊕ Mˇ . Mirror symmetry exchanges the
complex and Ka¨hler moduli ofM -polarized K3 surfaces: see [1], [6]. If E, E′ are generators
of the U(1), we showed in [11] that anM -polarized K3 surface X has a special Lagrangian
T 2-fibration f : X → S2 with fibre of cohomology class E. This T 2 fibration is just an
elliptic fibration in a different complex structure on X .
It follows from [6], Proposition 6.2 that the monodromy group at the large complex
structure limit point of the complex moduli space ofM -polarized K3 surfaces is isomorphic
to Mˇ , acting, for D ∈ Mˇ , by
TD(E) = E
TD(α) = α− (D.α)E for α ∈ U(1)
⊥
TD(E
′) = E′ +D −
D2
2
E.
Let σ0 : S
2 → X be the chosen zero section. We refer to the cohomology class of the
image of σ0 also as σ0, so with the correct orientation, σ0 = E
′ − E. There is a natural
map from the group of sections
Γ(B,X#)→ H1(B,R1f∗Z)
given by taking σ ∈ Γ(B,X#) to the cohomology class σ − σ0. (Note: a priori, this is not
the map δ defined above, though Theorem 4.1 proves that this map coincides with δ when
the dimension of X is even.)
We also have a natural choice of splitting for the Leray filtration of H2(X,Z), i.e. by
writing
L = ZE′ ⊕ U(1)⊥ ⊕ ZE.
Note for future reference that E′ = σ0 +
c2(X)
24 E. This gives us an isomorphism between
H1(B,R1f∗Z) and U(1)
⊥, and hence this latter group is also isomorphic to the group of
sections of f modulo homotopy. Explicitly, a section σ is taken to σ−σ0−(E
′.(σ−σ0))E ∈
U(1)⊥. Conversely, if D ∈ U(1)⊥, we denote the cohomology class of the corresponding
section by σD. In particular, if we write ⊕ for the group law in sections mod homotopy,
σD1 ⊕ σD2 = σD1+D2 . Note that since σ
2
D = −2 for any section σD, we in fact have
σD = E
′ +D −
(
D2
2
+ 1
)
E.
19
Now let TσD : X → X denote translation by σD. Clearly
T ∗σD (E) = E.
Also, as T ∗σD (σ0) = σD, we see that
T ∗σD (E
′ − E) = E′ +D −
(
D2
2
+ 1
)
E
and thus
T ∗σD (E
′) = E′ +D −
D2
2
E.
Finally, for α ∈ U(1)⊥,
T ∗σD (α) = T
∗
σD
(σα − E
′ + (1 + α2/2)E)
= σα+D − (E
′ +D −
D2
2
E) +
(
α2
2
+ 1
)
E
= α− (α.D)E.
Thus we see that T ∗σD and TD coincide, for any D ∈ Mˇ (in fact for any D ∈ U(1)
⊥).
§5 is partially motivated by the desire to find a similar splitting for the Leray filtration
in the three-dimensional case which will then allow one to write precisely the action of
monodromy on H3.
§4. The Monodromy Action on the Leray Filtration.
In this section we assume f : X → B is a simple C∞ special Lagrangian torus fibration
with section σ0, with permissible dual fˇ : Xˇ → B. Suppose σ : B → X is an arbitrary C
∞
section. We would like, at least on the level of the Leray filtration, to describe the action
of T ∗σ − I : H
i(X,Q)→ Hi(X,Q).
To do so, first observe there are natural pairings given by the composition of cup
products
(4.1)
Hp(B,Rqf∗Q)⊗H
p′(B,Rq
′
f∗Q)
(−1)qp
′
∪
−→ Hp+p
′
(B,Rqf∗Q⊗R
q′f∗Q)→ H
p+p′(B,Rq+q
′
Q)
which are compatible with the intersection pairing of the total cohomology
Hp(X,Q)⊗Hp
′
(X,Q)→ Hp+p
′
(X,Q).
(See [3], IV 6.8.)
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We obtain from this pairing, using the isomorphism (2.1), an action of cohomology of
Xˇ on the cohomology of X :
(4.2)
Hp(B,Rqf∗Q)⊗H
p′(B,Rq
′
fˇ∗Q) ∼= H
p(B,Rn−qfˇ∗Q)⊗H
p′(B,Rq
′
fˇ∗R)
→ Hp+p
′
(B,Rn−q+q
′
fˇ∗Q)
∼= Hp+p
′
(B,Rq−q
′
f∗Q).
We will denote this pairing by 〈, 〉.
Given a section σ : B → X , we obtain as in §3 a cohomology class [σ] ∈ H1(B,Rn−1f∗Z),
hence also in H1(B,Rn−1f∗Q). Via (2.1), this gives an element D ∈ H
1(B,R1fˇ∗Q). If f
is Z-simple, then by (2.2) one obtains in addition D ∈ H1(B,R1fˇ∗Z).
Our main theorem relates the action of Tσ on cohomology with the action 〈·, D〉 of D
on the cohomology of X .
Theorem 4.1. Let Hp(X,Q) = Fp ⊇ Fp−1 ⊇ · · · ⊇ F0 ⊇ 0 be the Leray filtration with
Fi/Fi−1 ∼= E
p−i,i
∞ . Let σ : B → X be a section, [σ] ∈ H
1(B,Rn−1f∗Z) the corresponding
cohomology class, and D ∈ H1(B,R1fˇ∗Q) the image of [σ] under the isomorphism (2.1).
Then (T ∗σ − I)(Fi) ⊆ Fi−1 and the induced map
T ∗σ − I : Fi/Fi−1 → Fi−1/Fi−2
is induced by
〈·, (−1)iD〉 : Hp−i(B,Rif∗Q)→ H
p−i+1(B,Ri−1f∗Q).
In what follows, we will be making use of singular cohomology. We denote by ∆q
the standard simplex: the convex hull of P0 = (0, . . . , 0), P1 = (1, 0, . . . , 0), . . . , Pq =
(0, . . . , 0, 1) in Rq with coordinates s1, . . . , sq and standard orientation ∂/∂s1∧ . . .∧∂/∂sq.
Orient ∆q × [0, 1] by ∂/∂s1 ∧ . . . ∧ ∂/∂sq ∧ ∂/∂t. We choose a standard triangulation of
∆q × [0, 1]. For example, if we let P0, . . . , Pq be the vertices of ∆q ×{0} and P
′
0, . . . , P
′
q be
the vertices of ∆q × {1}, then
∆q × [0, 1] =
q⋃
i=0
〈P0, . . . , Pi, P
′
i , . . . , P
′
q〉.
This extends to a triangulation of K × [0, 1] for any chain complex K, and one can check
one obtains the formula
(4.3) ∂(∆q × [0, 1]) = (∂∆q)× [0, 1] + (−1)
q∆q × {1} − (−1)
q∆q × {0}
as chain complexes.
Before getting into the details of the proof, let us give a lemma which lies at the heart
of the proof and which gives some hint as to why the formula given in Theorem 4.1 is
correct.
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Lemma 4.2. Let Tn = V/Λ for a real n-dimensional vector space V , a lattice Λ, and a
fixed isomorphism
∧n
V ∼= R. Fix a base-point p0 ∈ T
n. Define a pairing
〈·, ·〉′′ : Hqsing(T
n,R)× π1(T
n, p0)→ H
q−1
sing(T
n,R)
as follows: if α is a singular cocycle on Tn and γ : [0, 1] → Tn is a loop, then define
〈α, γ〉′′ to be the following q − 1-cocycle: if ∆ : ∆q−1 → T
n is a singular simplex, then
〈α, γ〉′′(∆) = α(∆γ). Here ∆γ is the singular q-chain ∆γ : ∆q−1 × [0, 1]→ T
n defined by
∆γ(s, t) = ∆(s)+ γ(t). Then if we identify H
q(Tn,R) with
∧q
V ∨ and π1(T
n, p0) with Λ,
there is a commutative diagram
Hqsing(T
n,R)× π1(T
n, p0)
〈·,·〉′′
−→ Hq−1sing(T
n,R)y∼= y∼=∧q
V ∨ × Λ
ι
−→
∧q−1
V ∨y∼= y∼=∧n−q
V × Λ
(−1)n−q∧
−→
∧n−q+1
V
The middle row is given by (v∗, λ) 7→ ι(λ)v∗. Here contraction is defined via the convention
(ι(λ)v∗)(v1, . . . , vq−1) = v
∗(v1, . . . , vq−1, λ). The isomorphism connecting the middle and
bottom rows are given via the perfect pairings
q∧
V ×
n−q∧
V →
n∧
V ∼= R
and
q−1∧
V ×
n−q+1∧
V →
n∧
V ∼= R.
Proof. One checks that the cohomology class of 〈α, γ〉′′ only depends on the cohomol-
ogy class of α and the homotopy class of γ, so that 〈·, ·〉′′ is well-defined.
One natural way to define the isomorphism
∧q
V ∨
∼=
−→Hq(Tn,R) is by considering
α ∈
∧q
V ∨ as defining a q-form on V , hence a translation invariant q-form on Tn, and
then defining the singular cocycle α by ∆ 7→
∫
∆
α. Thus to understand 〈·, ·〉, choose
α ∈
∧q
V ∨, λ ∈ Λ, and take γ(t) = tλ+ p0. If ∆ : ∆q−1 → T
n is a singular q − 1 simplex,
then ∆γ : ∆q−1 × [0, 1]→ T
n is given by ∆γ(s, t) = ∆(s) + γ(t). Then
∆γ∗(∂/∂si) = ∆∗(∂/∂si),∆γ∗(∂/∂t) = λ.
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Thus, if Lq denotes the q-dimensional Lebesgue measure on Rq,
〈α, γ〉′′(∆) = α(∆γ)
=
∫
∆γ
α
=
∫
∆q−1×[0,1]
(∆∗γα)(∂/∂s1, . . . , ∂/∂sq−1, ∂/∂t)dL
q
=
∫
∆q−1×[0,1]
α(∆γ∗∂/∂s1, . . . ,∆γ∗∂/∂sq−1,∆γ∗∂/∂t)dL
q
=
∫
∆q−1
∫ 1
0
α(∆∗∂/∂s1, . . . ,∆∗∂/∂sq−1, λ)dtdL
q−1
=
∫
∆q−1
∆∗(ι(λ)α)(∂/∂s1, . . . , ∂/∂sq−1)dL
q−1
=
∫
∆
ι(λ)α.
Thus 〈α, γ〉′′ = ι(γ)α.
The commutativity of the bottom square is standard multilinear algebra. •
Proof of Theorem 4.1. To see that (T ∗σ − I)(Fi) ⊆ Fi−1, note that since Tσ acts on
the fibres of f by translation, Tσ induces the identity T
∗
σ : R
if∗Q → R
if∗Q and hence
T ∗σ : H
p−i(B,Rif∗Q) → H
p−i(B,Rif∗Q) is the identity. Thus in particular, the map
T ∗σ − I : Fi/Fi−1 → Fi/Fi−1 is zero.
To prove the second statement, we have to be more explicit about the Leray spectral
sequence. First, we will use singular cohomology on X . Let G be the coefficient group
(G = Z,Q,R, . . .). We let Sp(U,G) be the space of G-valued p-cochains on U , and let
Sp(X,G) be the sheaf associated to the presheaf U 7→ Sp(U,G). Note that the presheaf
Sp(·, G) satisfies the sheaf gluing axiom. Then, as X is a manifold,
0→ G→ S·(X,G)
is a flabby resolution of G, with coboundary maps d : Sp(X,G) → Sp+1(X,G) the usual
singular coboundary map: (dα)(∆) = α(∂∆) for a singular simplex ∆ : ∆p+1 → X . (See
[3], pg. 26 for details about these sheaves.)
Next, we will use Cˇech cohomology to compute cohomology of sheaves on B. Life
is simplest if there is an open covering U = {Ui} of B for which Hˇ
i(U/B,Rjf∗Q) =
Hi(B,Rjf∗Q), for all i and j, in which case we denote by C
·(U/B,F) the Cˇech complex
of F with differential d′. If we cannot find such an open covering, instead consider open
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coverings U of B indexed by the set B, with b ∈ Ub, and take
Cp(B,F) = lim
−→
U
Cp(U/B,F)
where the limit is over all such coverings (see [3], pg. 28). Then the complex C·(B,F)
computes Hˇp(B,F). For simplicity of notation, however, we will assume we are in the case
where we do have a nice open covering, but everything carries over to this more general
case.
We now obtain a double complex
Cp,q = Cp(U/B, f∗S
q(X,Q))
(or Cp,q = Cp(B, f∗S
q(X,Q)) in the more general case) with horizontal boundary maps
d′ : Cp,q → Cp+1,q and vertical boundary maps (−1)pd : Cp,q → Cp,q+1. (The (−1)p is
required to ensure anticommutativity of the vertical and horizontal boundary maps.) The
spectral sequence arising from this double complex is the Leray spectral sequence for f .
Let (Tot·(C·,·), dtot) be the total complex of this double complex.
Now let α ∈ Fi(Tot
p(C·,·)) =
⊕i
j=0C
p−j,j , α = (αp−i,i, . . . , αp,0), αj,k ∈ C
j,k, and
suppose α represents a class in Fi(H
p(X,Q)), so dtotα = 0. In particular, dαp−i,i = 0. We
wish to understand the action of T ∗σ − I on α. Write the Cˇech cochain αp−j,j as
αp−j,j = (Ui0...ip−j , αi0...ip−j ),
for j ≤ i, αi0...ip−j a singular j-cochain on f
−1(Ui0...ip−j ). Choose also, on each Ui, a
representative σi ∈ Γ(Ui, T
∗
B) of the section σ ∈ Γ(B,X
#). The class (T ∗σ − I)(α) is
represented by α′ = (α′p−j,j)0≤j≤i with
α′p−j,j = (Ui0...ip−j , T
∗
σαi0...ip−j − αi0...ip−j )
where T ∗σ denotes translation of cochains: (T
∗
σβ)(∆) = β(Tσ ◦∆).
For an open set U ⊆ Uk and a q-cochain β on f
−1(U), denote by βTσk the q−1-cochain
given, for a singular q − 1-simplex ∆ : ∆q−1 → f
−1(U), by βTσk (∆) = β(∆Tσk ), where
∆Tσk : ∆q−1 × [0, 1]→ f
−1(U) is defined by ∆Tσk (s, t) = ∆(s) + tσk(f(∆(s))). It follows
from (4.3) that
d(βTσk ) = (dβ)Tσk − (−1)
qT ∗σβ + (−1)
qβ.
Thus, if δ = (Ui0...ip−i , (−1)
p(αi0...ip−i)Tσip−i
) ∈ Cp−i,i−1, then (−1)p−idδ + α′p−i,i = 0. It
follows that α′′ := α′ + dtotδ = α
′ − α′p−i,i + d
′δ ∈ Fi−1(Tot
p(C·,·)) is cohomologous to
α′ = (T ∗σ − I)α in H
p(X,R).
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Recall also that dtotα = 0, so that d
′αp−i,i + (−1)
p−i+1dαp−i+1,i−1 = 0, i.e. on
Ui0...ip−i+1 ,
p−i+1∑
j=0
(−1)jαi0...ˆij ...ip−i+1 + (−1)
p−i+1dαi0...ip−i+1 = 0.
Applying Tσip−i+1 to this and multiplying by (−1)
p, we obtain the equality
p−i∑
j=0
(−1)p+j(αi0...ˆij ...ip−i+1)Tσip−i+1
−(−1)i(αi0...ip−i)Tσip−i+1
−(−1)i(dαi0...ip−i+1)Tσip−i+1
= 0.
We thus obtain
α′′p−1+1,i−1 =α
′
p−i+1,i−1 + d
′δ
=(Ui0...ip−i+1 , (T
∗
σ − I)αi0...ip−i+1
+
p−i∑
j=0
(−1)p+j(αi0...ˆij ...ip−i+1)Tσip−i+1
− (−1)i(αi0...ip−i)Tσip−i
)
=(Ui0...ip−i+1 , (T
∗
σ − I)αi0...ip−i+1
+ (−1)i(αi0...ip−i)Tσip−i+1
− (−1)i(αi0...ip−i)Tσip−i
+ (−1)i(dαi0...ip−i+1)Tσip−i+1
).
Taking δ′ = (Ui0...ip−i+1 , (−1)
p(αi0...ip−i+1)Tσip−i+1
) ∈ Cp−i+1,i−2, we see that if we set
β = α′′ + dtotδ
′,
then
βp−i+1,i−1 = (Ui0...ip−i+1 , (−1)
i(αi0...ip−i)Tσip−i+1
− (−1)i(αi0...ip−i)Tσip−i
)
and β still represents (T ∗σ −I)α, and βp−i+1,i−1 represents a class in H
p−i+1(B,Ri−1f∗Q).
Recall now how to define the map
〈·, D〉 : Hp(B,Rqf∗Q)→ H
p+1(B,Rq−1f∗Q)
in terms of Cˇech cohomology ([3], Pg. 194). First, define the pairing 〈·, ·〉′ as the compo-
sition
〈·, ·〉′ : Rqf∗Q⊗R
1fˇ∗Q
∼=
−→Rn−qfˇ∗Q⊗R
1fˇ∗Q
∪
−→Rn−q+1fˇ∗Q
∼=
−→Rq−1f∗Q.
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Now the element [σ] ∈ H1(B,Rn−1f∗Z) is represented by the Cˇech cocycle (Ui0i1 , σi1−σi0).
We denote by Di0i1 the image of σi1 − σi0 in H
0(Ui0i1 , R
1fˇ∗Q) under the isomorphism
(2.1), so D is represented by the Cˇech cocycle (Ui0i1 , Di0i1).
Given α = (Ui0...ip , αi0...ip) a representative for an element of H
p(B,Rqf∗Q), 〈α,D〉
is represented by
(4.4) (Ui0...ip+1 , (−1)
n−q〈αi0...ip , Dipip+1〉
′).
The sign (−1)n−q comes from the sign in (4.1). The theorem will then follow from the
following claim:
Claim. If U ⊆ Ui ∩ Uj is an open set and α is a q-cocycle in f
−1(U) representing
an element of Γ(U,Rqf∗Q), then (−1)
n−q〈α,Dij〉
′ is represented by the q − 1 cocycle
αTσj − αTσi .
Proof. We have two maps δ1, δ2 : Γ(U,R
qf∗Q)→ Γ(U,R
q−1f∗Q) defined by δ1(α) =
(−1)n−q〈α,Dij〉
′ and δ2(α) = αTσj − αTσi . Both maps are compatible with restriction to
open subsets V ⊆ U , and by the assumption of simplicity, are then completely determined
by their restrictions to Γ(B0∩U,R
qf∗Q), which in turn is determined by the restrictions to
Γ(Vi, R
qf∗R) for a covering {Vi} of U∩B0 of contractible sets Vi. Thus we can assume U is a
contractible set contained in B0. In this case, Γ(U,R
qf∗Q) ∼= H
q(f−1(U),Q) ∼= Hq(Xb,Q)
for any b ∈ U . One can then define
δ′1, δ
′
2 : H
q(Xb,Q)→ H
q−1(Xb,Q)
by δ′1(α) = (−1)
n−q〈α,Dij |Xb〉
′ and δ′2(α) = αTσj(b) − αTσi(b) . Clearly δ
′
1 and δ
′
2 coincide
with δ1 and δ2 under the above isomorphisms.
Write Xb = V/Λ, so that we are in the situation of Lemma 4.2.
Let γ : I → Xb be the loop based at σi(b) given by
γ(t) =
{
(1− 2t)σi(b) 0 ≤ t ≤ 1/2;
(2t− 1)σj(b) 1/2 ≤ t ≤ 1.
Then the homology class of γ in H1(Xb,Z) coincides with σj(b)−σi(b) ∈ H
n−1(Tn,Z) via
Poincare´ duality, and then by using the third row of the diagram of Lemma 4.2,
δ′1(α) = 〈α, γ〉
′′.
In addition,
(αTσj(b) − αTσi (b))(∆) = α(∆Tσj (b) −∆Tσi (b))
= α(∆γ)
= 〈α, γ〉′′(∆)
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so by the definition of 〈, 〉′′ in Lemma 4.2,
δ′2(α) = 〈α, γ〉
′′.
This proves the claim. •
Now we see that in Hp−i+1(B,Ri−1f∗Q),
βp−i+1,i−1 = (Ui0...ip−i+1 , (−1)
i((αi0...ip−i)Tσip−i+1
− (αi0...ip−i)Tσip−i
))
= (Ui0...ip−i+1 , (−1)
i(−1)n−i〈αi0...ip−i , Dip−iip−i+1〉
′) by the claim,
= 〈α, (−1)iD〉 by (4.4).
This is the desired result. •
We now encounter another problem whose solution must be deferred to a future paper.
We would like to compare certain intersection numbers on X with intersection numbers
on Xˇ . To actually obtain numbers, we need to orient Xˇ . Now X is a complex manifold
and hence comes with a canonical orientation. Once we understand how to put a complex
structure on Xˇ, Xˇ will also come with a canonical orientation, which is the orientation we
want to use. But until then, we have to make an assumption about what this orientation
is. So we have
Convention 4.3. Orient Xˇ as follows: (−1)n[Tn] ∈ f∗Hn(B, f∗Q) ⊆ H
n(X,Q) cor-
responds to an element ϕ ∈ Hn(B,Rnfˇ∗Q) ∼= H
2n(Xˇ,Q) via (2.1). ϕ determines an
orientation on Xˇ, so that
∫
Xˇ
ϕ > 0. This is the orientation we will use.
We will justify this choice in [10]. Having chosen an orientation on Xˇ, we can define
D1. · · · .Dn =
∫
Xˇ
D1 ∪ · · · ∪ Dn for D1, . . . , Dn ∈ H
2(Xˇ,Q). Note that by Remark 2.5,
H1(B,R1fˇ∗Z) is a subquotient of H
2(Xˇ,Z), so if D1, . . . , Dn are actually just elements of
H1(B,R1fˇ∗Z), we can lift them to elements D1, . . . , Dn on H
2(Xˇ,Z), and D1 ∪ · · · ∪Dn
is independent of the lifting.
For the remainder of this section, we will assume that f : X → B is in fact Z-simple,
thus allowing us to apply the isomorphisms (2.2). We actually only need (2.2) for q = n−1.
Definition 4.4. For D ∈ H1(B,R1fˇ∗Z), let σD denote a section of f : X → B such
that [σD] ∈ H
1(B,Rn−1f∗Z) corresponds to D under the isomorphism (2.2). We orient
σD(B) ⊆ X so that the cohomology class of σD(B), which we also write as σD, satisfies
σD.[T
n] = 1. Note this cohomology class only depends on D and not the particular choice
of section. We will also write TD := T
∗
σD
.
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Corollary 4.5. Let α0 ∈ H
n(X,Q) be any cohomology class which represents 1 ∈
H0(B,Rnf∗Q) (so that α0.[T
n] = 1). Then
α0.(TD1 − I) · · · (TDn − I)α0 = (−1)
n(n−1)/2D1. · · · .Dn.
Proof. By Theorem 4.1, (TD1 − I) · · · (TDn − I)α0 ∈ F0
∼= Hn(B,Q) via the map
f∗ : Hn(B,Q)→ Hn(X,Q). Furthermore,
(TD1 − I) · · · (TDn − I)α0 = (−1)
n(n+1)/2〈〈· · · 〈α0, D1〉, D2〉, . . . , Dn〉.
Under the isomorphism (2.1), α0 coincides with 1 ∈ H
0(B, fˇ∗Q) = H
0(Xˇ,Q), and thus
〈〈· · · 〈α0, D1〉, D2〉, . . . , Dn〉
coincides with D1 ∪ · · · ∪ Dn ∈ H
2n(Xˇ,Q). Now using Convention 4.3 to orient Xˇ, if
1 ∈ H2n(Xˇ,Q) is chosen so that
∫
Xˇ
1 = 1, we see that
(D1. · · · .Dn)1 = D1 ∪ · · · ∪Dn
and (D1. · · · .Dn)1 then coincides with (−1)
n(D1. · · · .Dn)[T
n] under the isomorphism (2.1).
Thus
(TD1 − I) · · · (TDn − I)α0 = (−1)
n(−1)n(n+1)/2D1. · · · .Dn[T
n].
Since α0.[T
n] = 1, the result follows. •
Part (2) of the following Corollary, along with Conjecture 3.7, implies part (3) of
Conjecture 3.2. Part (1) shows that Conjecture 3.7 implies the (1, n−1) Yukawa couplings
near the large complex structure limit point have the expected limiting values.
Corollary 4.6. Suppose that X is a member of a family of Calabi-Yau manifolds X → S,
p ∈ S¯ a large complex structure limit point. Suppose that X possesses a Z-simple C∞
special Lagrangian fibration such that Conjecture 3.7 holds. Then
(1) The asymptotic values of the (1, n− 1)-Yukawa coupling coincide, up to a sign, with
the (1, 1)-topological coupling of the mirror.
(2) If n = 3, the weight filtration on H3(X,Q) associated to the large complex structure
limit point coincides with the Leray filtration, i.e. W2i =W2i+1 = Fi.
Proof. Suppose the monodromy about boundary divisors B1, . . . , Bs are T1, . . . , Ts,
which by Conjecture 3.7 are induced by translation by sections σ1, . . . , σs corresponding
to D1, . . . , Ds ∈ H
1(B,R1fˇ∗Z) on Xˇ . Then if α0 is as in Corollary 4.5, we have
Ni1 · · ·Ninα0 = ±(Di1 . · · · .Din)[T
n].
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Note that this is not always zero: if it was, then for N =
∑
aiNi, ai > 0, N
n = 0 on
Hn(X,Q). This is not the case, since p ∈ S¯ is a large complex structure limit point. Thus
using the definition of the monodromy weight filtration, we see α0 ∈ W2n, α0 6∈ W2n−1
and [Tn] ∈W0. Since α0.[T
n] = 1, it follows from (3.1) that
〈
∂
∂ti1
, . . . ,
∂
∂tin
〉
nil
= ±Di1 . · · · .Din ,
proving (1). (2) follows from the definition of the weight filtration and Theorem 4.1. •
Remark 4.7. In higher dimensions, one needs some additional hypotheses to ensure
that the Leray and weight filtrations coincide. One such condition is the following. Suppose
the Leray spectral sequences for f and fˇ degenerate, and a monodromy operator T : X →
X is induced by translation by a section σ corresponding to a divisor D. Then if {Wi} is
the weight filtration on Hp(X,Q) induced by T , then W2i = W2i+1 = Fi(H
p(X,Q)) for
all i, p if
∪Dn−j : Fi(H
j(Xˇ,Q))→ Fn+i−j(H
2n−j(Xˇ,Q))
is an isomorphism for all i, j. One can think of this as a compatibility between the spectral
sequence for fˇ and Hard Lefschetz.
Corollary 4.8. Let D ∈ H1(B,R1fˇ∗Z). Then (−1)
n(n−1)/2σ0.σtD is a polynomial of
degree n in t, and this polynomial is even if n is even and odd if n is odd, with leading
term Dntn/n!. In particular, if n = 2 and X is a K3 surface, then
−σ0.σD =
D2
2
+ 2
and if n = 3 then there exists a class C ∈ H4(Xˇ,Q) such that
−σ0.σD =
D3
6
+ C.D.
If X and Xˇ are simply connected, then
C ≡
c2(Xˇ)
12
modZ.
Proof. If f : Z → Z is a function, denote by ∆f the difference function of f , i.e.
(∆f)(t) = f(t+ 1)− f(t). Note that if f(t) = σ0.σtD, then
(∆f)(t) = σ0.σ(t+1)D − σ0.σtD
= σ0.(TD − I)σtD,
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and inductively,
(∆if)(t) = σ0.(TD − I)
iσtD.
Now since σ0 and σtD are cohomology classes representing 1 in H
0(B,Rnf∗Q) ∼= Q, it
follows from Corollary 4.5 that σ0.(TD − I)
nσtD = (−1)
n(n−1)/2Dn. Thus (∆nf)(t) =
(−1)n(n−1)/2Dn for all t, so f is a polynomial of degree n in t with
f(t) = (−1)n(n−1)/2Dntn/n! +O(tn−1).
Also, we note that
σ0.σtD = (−1)
nσtD.σ0
= (−1)n(TtD(σ0)).σ0
= (−1)nσ0.T−tD(σ0)
= (−1)nσ0.σ−tD
so f is even or odd according to the parity of n.
If X is a K3 surface, then f(0) = σ0.σ0 = −2, which proves the formula in this case.
If n = 3, then
f(t) = −D3t3/6− tϕ(D)
for some function ϕ : H1(B,R1fˇ∗Z) → Q. Using similar difference equation techniques,
one can compute σ0.(σt1D1+t2D2 − σt1D1 − σt2D2) and find that ϕ is linear. We omit
the details. Once we know ϕ is linear, we know by Poincare´ duality that there exists a
C ∈ H4(Xˇ,Q) such that ϕ(D) = C.D.
Finally, if X and Xˇ are simply connected and n = 3, then by the results of §2,
H2i(Xˇ,Q) = Hi(B,Rifˇ∗Q), and then C is completely determined by ϕ. It then follows
from Riemann-Roch and integrality of f(t) that C ≡ c2/12modZ. •
This leads to a conjecture which is inspired by Kontsevich’s homological mirror sym-
metry conjecture [14].
Conjecture 4.9. (Mirror Riemann-Roch) IfD ∈ H1(B,R1fˇ∗Z) represents the first Chern
class of a line bundle OXˇ(D), then
(−1)n(n−1)/2σ0.σD = χ(OXˇ(D)).
This is true from Corollary 4.8 if n = 2. At the time of completing this paper, I
can prove this conjecture for n = 3 with some additional assumptions on the nature of
special Lagrangian fibrations, which I do not believe should be necessary. This does not
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seem satisfactory, so I have decided to postpone a proof until the future. Nevertheless, we
shall assume Conjecture 4.9 is true for n = 3 in the next section. The point is that for
n = 3, as we will see in §5, knowing Conjecture 4.9 gives us a complete description of the
intersection pairing in H3(X,Z) if we note in addition that in the Leray filtration,
H3(X,Q) = F3 ⊇ F2 ⊇ F1 ⊇ F0 ⊇ 0,
for any α, β ∈ F1, α.β = 0.
§5. The Mirror Map on Cohomology for Threefolds.
Suppose now that f : X → B is a Z-simple C∞ special Lagrangian T 3-fibration, with
fˇ : Xˇ → B Z-simple, X , Xˇ simply connected. Our goal is to speculate on what the SYZ
construction might tell us about a mirror map between Hodd(X,Q) and Heven(Xˇ,Q) in
the three-dimensional case. As we saw in Lemma 2.4, there do exist isomorphisms between
these groups, but we have not given a natural one. The difficulty is that a priori there is not
a natural splitting of the Leray (or weight) filtration on Hodd(X,Q); once one determines a
splitting compatible with the Leray filtration, one would obtain an isomorphism compatible
with the isomorphisms (2.1). This is exactly what we did in the two-dimensional case in
Example 3.9 in order to determine the action of translation by a section on cohomology.
One benefit of having a natural isomorphism, as we shall see, is that the action of
monodromy on H3(X,Q) then gives an action on Heven(Xˇ,Q), and this action can then
be completely described in a natural way. This gives us more information than Theorem
4.1, which only yields information about the monodromy action on graded pieces of the
Leray filtration. Some extra information must be put in to get a complete description of
monodromy: this extra ingredient is mirror Riemann-Roch (Conjecture 4.9) which we will
assume for n = 3.
What an appropriate mirror map is certainly depends on the point of view. We will
present one method of producing an isomorphism here, with motivation being Kontsevich’s
homological mirror symmetry conjecture [14].
In [14], Kontsevich suggests that there should be an isomorphism between Db(Xˇ), the
bounded derived category of coherent sheaves on Xˇ, and a mysterious category involving
X which is a derived version of Fukaya’s A∞ category [8], possibly with extra structure.
For convenience, I’ll call it Dˇb(X). We don’t have a definition for this category, and will
make no attempt to describe it here, other than to mention that the objects of this category
should be related to Lagrangian submanifolds of X . One should expect a map
ψ : Dˇb(X)→ H3(X,Z)
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taking an object of Dˇb(X) to the cohomology class of its underlying Lagrangian submani-
fold. If E and F are objects of Dˇb(X), there should be an Euler characteristic
χˇ(E, F ) =
∑
i
(−1)i dimExtiDˇb(X)(E, F ),
where these Exts are Floer-type groups, and the conjectures of [14] suggest that
χˇ(E, F ) = ψ(E).ψ(F ).
On the other hand, consider the following skew-symmetric pairing (·, ·) onHeven(Xˇ,Q).
If
α = (α0, α2, α4, α6), β = (β0, β2, β4, β6) ∈
⊕
i
H2i(Xˇ,Q),
we put
(α, β) = α0.β6 − α2.β4 + α4.β2 − α6.β0,
with orientation on Xˇ defined as in Convention 4.3. If E ∈ Coh(Xˇ), then the Mukai vector
of E is v(E) = ch(E)
√
Td(Xˇ) = ch(E)(1+ c2/24) ∈ H
even(Xˇ,Q). (Note that to talk about
Coh(Xˇ) assumes a complex structure on Xˇ ; we will just assume here that this complex
structure yields the same orientation on Xˇ as does Convention 4.3.) Then
χ(E ,F) :=
3∑
i=0
(−1)i dimExti(E ,F) = (v(E), v(F)).
We now might conjecture the existence of a commutative diagram
Dˇb(X)
ψ
−→ H3(X,Q)xφ1 xφ2
Db(Xˇ)
v
−→ Heven(Xˇ,Q)
I am going to try to guess what properties φ2 should have in order to make the diagram
commutative. This is of course imprecise since we have no idea φ1 and ψ are, but we can
make educated guesses.
We want the following properties for the map φ2:
(5.1) φ2 should be a symplectic isomorphism: φ2(α).φ2(β) = (α, β) for α, β ∈ H
even(Xˇ,Q).
(5.2) Both H3(X,Q) and Heven(Xˇ,Q) are filtered, H3(X,Q) by the Leray filtration and
Heven(X,Q) by
Fˇi =
3⊕
j=3−i
H2j(Xˇ,Q).
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Here
Fi/Fi−1 ∼= H
3−i(B,Rif∗Q)
and
Fˇi/Fˇi−1 ∼= H
3−i(B,R3−ifˇ∗Q),
which are isomorphic via (2.1). The map φ2 should respect these isomorphisms. We
shall see in a moment that this is not quite correct, however.
These two properties do not completely determine φ2. There is some additional infor-
mation one can obtain following Kontsevich’s philosophy that a monodromy transformation
on X should yield an automorphism of Dˇb(X), and hence one of Db(Xˇ). Tensoring with
OXˇ(D) induces an automorphism tD : D
b(Xˇ) → Db(Xˇ), and clearly v(tD(E)) = e
Dv(E).
We would expect this to correspond to the action of TD on H
3(X,Q), and so obtain the
formula
(5.3) TD(φ2(α)) = φ2(e
Dα).
Another canonical automorphism of Db(Xˇ) given by Kontsevich is constructed as follows*.
Let p1, p2 : Xˇ × Xˇ → Xˇ be the two projections, ∆ ⊆ Xˇ × Xˇ the diagonal. Then
E · 7→ p2∗(I∆ ⊗ p
∗
1E
·)[1]
yields an automorphism ofDb(Xˇ), with v(p2∗(I∆⊗p
∗
1E
·)[1]) = v(E ·)+(v(E ·), v(OXˇ))v(OXˇ).
(The shift by 1 has the effect of negation of Chern character of a complex). This induces
an action
γˇ : α 7→ α+ (α, v(OXˇ))v(OXˇ)
on Heven(Xˇ,Q). We expect that this will correspond to the Picard-Lefschetz transforma-
tion associated with σ0 on X , namely for β ∈ H
3(X,Q)
γ : β 7→ β + (β.σ0)σ0.
Thus we should expect φ2(v(OXˇ)) = σ0. Combining this with (5.3), we obtain
(5.4) φ2(v(OXˇ(D))) = σD.
* Somewhat earlier, H. Kim suggested in [13] a similar construction on vector bundles
(which agrees with Kontsevich’s construction in some cases), and he suggested that this
construction should be mirror to a Picard-Lefschetz type transformation.
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Unfortunately conditions (5.1)-(5.4) are incompatible. One reason is that the alter-
nating sign appearing in Theorem 4.1 makes (5.2) and (5.3) incompatible. So we have to
change the sign in some of the isomorphisms of (2.1) to make things work. The theorem
below gives choices of sign which work. It is difficult at this point to justify the choice of
sign conventions; perhaps in the future a different choice of sign will seem more natural.
Other than the choice of signs, everything in this theorem fits with (5.1)-(5.4).
Theorem 5.1. There exists a unique isomorphism φ2 : H
even(Xˇ,Q) → H3(X,Q) of
filtered vector spaces with the following properties:
(5.5) φ2(v(OXˇ(D))) = σ−D,
(5.6)
φ2 : Fi/Fi−1 → Fˇi/Fˇi−1 is the duality isomorphismH
3−i(B,Rif∗Q) ∼= H
3−i(B,R3−ifˇ∗Q)
of (2.1) for i = 2 and 3, but the negative of (2.1) for i = 0 and 1.
(5.7) (α, β) = φ2(α).φ2(β) for all α, β ∈ H
even(Xˇ,Q)
Furthermore, under this isomorphism,
(5.8) φ2(e
Dα) = T−Dφ2(α)
and
(5.9) φ2(γˇ(α)) = γ(φ2(α)).
Proof. First, since φ2(Fˇ0) = F0 and φ2|Fˇ0 : Fˇ0 → F0 coincides with the negative of
the isomorphism (2.1), we must have φ2(0, 0, 0, 1) = [T
3] by Convention 4.3.
Now for C ∈ H4(Xˇ,Q),
(√
Td(Xˇ), C
)
= 0, so
0 = φ2
(√
Td(Xˇ)
)
.φ2(C) = φ2(v(OXˇ)).φ2(C) = σ0.φ2(C)
by (5.5) and (5.7). In conjunction with (5.6), this uniquely determines φ2(C) with φ2 giving
an isomorphism between H4(Xˇ,Q) and σ⊥0 ∩ F1. We have now determined φ2 : Fˇ1 → F1
completely. Thus
σ0 = φ2(v(OXˇ))
= φ2(1, 0, c2/24, 0)
= φ2(1, 0, 0, 0) + φ2(c2/24)
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so φ2(1, 0, 0, 0) = σ0 − φ2(c2/24).* Furthermore, by (5.5), we must have
σ−D = φ2(v(OXˇ(D))) =φ2
(
1, D,
D2
2
+
c2
24
,
D3
6
+
D.c2
24
)
=
[
σ0 − φ2
( c2
24
)]
+ φ2(D)
+ φ2
(
D2
2
+
c2
24
)
+
(
D3
6
+
D.c2
24
)
[T 3],
from which we conclude we must have
φ2(D) = σ−D − σ0 − φ2
(
D2
2
)
−
(
D3
6
+
D.c2
24
)
[T 3].
To finish the proof we must check (5.6)-(5.9). Checking (5.6) and (5.9) is easy. To check
(5.7), we need to show that φ2(1, 0, 0, 0).φ2(D) = 0, φ2(D).φ2(E) = 0, φ2(D).φ2(C) =
−D.C for C ∈ H4(Xˇ,Q), and φ2(D).[T
3] = 0. The last of these is obvious. To perform
the other calculations, we need the following:
(σ−D − σ0).φ2(C) = T−D(σ0).φ2(C)− σ0.φ2(C)
= σ0.(TD(φ2(C))− φ2(C))
= σ0.(TD − I)φ2(C)
= σ0.(−D.C)[T
3] by Theorem 4.1 and (5.6)
= −D.C.
Thus
φ2(D).φ2(C) = (σ−D − σ0).φ2(C)
= −D.C
as desired. Also, using the above calculations and mirror Riemann-Roch,
φ2(1, 0, 0, 0).φ2(D) = (σ0 − φ2(c2/24)).(σ−D − σ0 − (D
3/6 +D.c2/24)[T
3])
= σ0.σ−D + (σ−D − σ0).φ2(c2/24)− (D
3/6 +D.c2/24)σ0.[T
3]
= D3/6 +D.c2/12−D.c2/24−D
3/6−D.c2/24
= 0
* Compare this with the expression E′ = σ0 + (c2/24)E of Example 3.9.
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and
φ2(D).φ2(E) = (σ−D − σ0 − φ2(D
2/2)).(σ−E − σ0 − φ2(E
2/2))
= (σ−D − σ0).(σ−E − σ0) +DE
2/2−D2E/2
= T−D(σ0).(σ−E − σ0)− σ0.(σ−E − σ0) +DE
2/2−D2E/2
= σ0.TD(σ−E − σ0)− σ0.σ−E +DE
2/2−D2E/2
= σ0.(σD−E − σD − σ−E) +DE
2/2−D2E/2
= −
(D − E)3
6
+
D3
6
+
(−E)3
6
− (D −E −D +E).c2/12 +DE
2/2−D2E/2
= 0
as desired.
We need to check that (5.8) holds. We do this for α ∈ H2i(Xˇ,Q) for each i.
For i = 3, the result is clear.
For i = 2, C ∈ H4(Xˇ,Q),
T−D(φ2(C)) = φ2(C) + (T−D − I)(φ2(C)),
and since (T−D − I)φ2(C) ∈ F0, Theorem 4.1 tells us that (T−D − I)φ2(C) = (D.C)[T
3].
On the other hand, φ2(e
DC) = φ2(C) + (D.C)[T
3], so (5.8) holds for C ∈ H4(Xˇ,Q).
For E ∈ H2(Xˇ,Q),
T−D(φ2(E)) = T−D
(
σ−E − σ0 − φ2
(
E2
2
)
−
(
E3
6
+
E.c2
24
)
[T 3]
)
= σ−D−E − σ−D − φ2
(
eD
E2
2
)
−
(
E3
6
+
E.c2
24
)
[T 3]
and
φ2(e
DE) =φ2(0, E, E.D,ED
2/2)
=
[
σ−E − σ0 − φ2
(
E2
2
)
−
(
E3
6
+
E.c2
24
)
[T 3]
]
+ φ2(E.D) +
ED2
2
[T 3].
Thus
T−D(φ2(E))− φ2(e
DE) = (σ−D−E − σ−E)− (σ−D − σ0)− φ2(E.D)−
(
DE2
2
+
ED2
2
)
[T 3]
= (T−E − I)(T−D − I)σ0 − φ2(E.D)−
(
DE2
2
+
ED2
2
)
[T 3].
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By Theorem 4.1, this is in fact in F0, so to test to see if this is zero, we just need to
show that σ0.(T−D(φ2(E))− φ2(e
DE)) = 0. This is straightforward to check using mirror
Riemann-Roch.
Finally, we check that
T−D(φ2(v(OXˇ))) = T−D(σ0) = σ−D = φ2(e
Dv(OXˇ)).
Thus (5.8) holds in general. •
Remark 5.2. Ultimately, I expect this mirror map should be understood in terms of
a type of Fourier-Mukai transform using a Poincare´ bundle on X ×B Xˇ . A version of this
was done for K3 surfaces in [2]. While it is not difficult to construct a Poincare´ bundle on
X ×B Xˇ in general, this will merely be a C
∞ complex line bundle, and it is not clear how
to extract information in the derived categories from this non-algebraic situation.
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